Using the density matrix renormalization group, we investigate the Rényi entropy of the anisotropic spin-s Heisenberg chains in a z-magnetic field. We considered the half-odd-integer spin-s chains, with s = 1/2, 3/2 and 5/2, and periodic and open boundary conditions. In the case of the spin-1/2 chain we were able to obtain accurate estimates of the new parity exponents p (2010)]. Moreover, the predicted periodicity of the oscillating term was also observed for some non-zero values of the magnetization m. We show that for s > 1/2 the amplitudes of the oscillations are quite small, and get accurate estimates of p α for the spin-3/2 chain are not so accurate, they are consistent with the theoretical predictions.
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I. INTRODUCTION
The observation that entanglement may play an important role at a quantum phase transition has motivated many studies on the characterization of the critical phenomena by using quantum information concepts.
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Quantum spin chains have been proven as useful laboratories to investigate the interconnection of entanglement and quantum criticality. [1] [2] [3] [4] [5] [6] [7] Although does not exist yet an universal measure that quantifies the entanglement, 8 the von Neumann entropy and the Rényi entropies are the most commonly used measures since they are sensitive to the long-distance quantum correlations of critical systems.
In this paper, we study the Rényi entropy in the critical region of the anisotropic spin-s Heisenberg models for s = 1/2, 3/2, and 5/2. Consider an one-dimensional system of size L and composed by two subsystems A and B of sizes l and L − l, respectively. The Rényi entropy is defined as
where ρ A is the reduced density matrix of the subsystem A. The von Neumann entropy is given by the limiting case α = 1.
In the last few years a great effort has been made to understand the asymptotic behavior of S α (L, l). It is expected that the ground state of critical one-dimensional systems gives a Rényi entropy that behaves as
The first term, in this equation, is the conformal field theory (CFT) prediction in the scaling regime (L ≫ l ≫ 1), and is given by 3,6,9-11
for periodic boundary conditions (PBC), and 15 In open chains, since translation invariance is broken, the energy density as a function of the site l also shows a similar decaying alternating term E osc . In Ref. 15 by using bosonization techniques this oscillating term was calculated and compared with numerical evaluations of the entropy suggesting that S 
for PBC and 
The origin of the exponents p α and as we are going to verify, in the case of the spin-s anisotropic Heisenberg model, they decrease dramatically as we increase the spin size s.
Our aim in the present paper is to verify the above conjectures more extensively for the spin-1/2 XXZ, as well for the critical regions of the spin s > 1/2 anisotropic Heisenberg model in the presence of an external zmagnetic field. The inclusion of the magnetic field is interesting because the magnetization and the Luttinger parameter K depend on its value. We have then more possibilities to verify the conjectures (5) and (6) . The parameter K in the case of the spin-1/2 XXZ chain can be calculated exactly from the Bethe ansatz solution of the model. For s > 1/2 the model is not exactly integrable but this parameter can be calculated numerically by exploring the consequences of the conformal invariance of the quantum chain in the bulk limit. In the following we present some important relations that will be used to evaluate the Luttinger liquid parameter K.
The ground state energy of a system of size L, as L → ∞, behaves as 27, 28 
where j, j ′ = 0, 1, 2, .... For the chains with OBC the tower of states have energies
with j = 0, 1, 2, .... For models described by a Luttinger liquid CFT, which are the present cases, the Luttinger liquid parameter K is given by K = 1 4xp , where x p is the lowest anomalous dimension obtained by using in Eq. (8) the lowest excited state in the sector whose magnetization is increased by one unit with respect to that of the ground state.
II. THE MODEL
We consider the anisotropic spin-s Heisenberg chain, also known as the spin-s XXZ chain, in the presence of a magnetic field h with Hamiltonian given by (10) were s j = (s We investigate the above model, using the density matrix renormalization group (DMRG) 31 method with OBC and PBC, keeping up tom=4000 states per block in the final sweep. We have done ∼ 6 − 11 sweeps, and the discarded weight was typically 10 −7 − 10 −12 at that final sweep. In our DMRG procedure the center blocks are composed of (2s+1) states.
Let us first present some known results in the absence of the magnetic field, i.e, h = 0. It is well known that this model at the isotropic point ∆ = 1 or γ = 0 is gapless (gapful) for half-odd-integer (integer) spins. 32, 33 The anisotropic chains are critical and conformal invariant for −1 < ∆ ≤ 1 with central charge c = 1 for half-oddinteger spins. [34] [35] [36] [37] On the other hand, in the case of integer spins a critical phase appears for −1 ≤ ∆ ≤ ∆ c (s), where ∆ c (s) < 1 is a critical anisotropy.
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The spin-1/2 XXZ chain is exactly soluble 38, 39 and for this reason some exact results are known on its critical region −1 ≤ ∆ = cos γ ≤ 1. In particular, the anomalous dimension (surface exponent) associated to the lowest eigenenergy, in the sector with total spin z-component S
. [38] [39] [40] [41] [42] The exact solution of the spin-1/2 chain has also been explored in the context of the entanglement calculations. [43] [44] [45] [46] [47] Although exactly integrable, in this context, only some few issues were explored in the spin-1/2 XXZ chain. This is due to the difficulty in extracting analytically results from its exact solution.
For h = 0 the model is in a critical and conformal invariant phase for h c < |h| < 1 + ∆. The critical field h c = 0 for |∆| ≤ 1, and for ∆ >1, h c = h c (∆) depends continuously on ∆. In this phase the model is described by a Luttinger liquid phase whose parameter K = L of the ground state, and the anisotropy ∆. The exact solution of the model allows us to obtain the exponents x p = x p (m). This is done by solving a set of non-linear integral equations that, for the sake of brevity we refer to Ref. 48 . It is expected that for the halfodd spins s, with s >1/2, similar phases emerge when a magnetic field is applied.
III. RESULTS
As mentioned earlier, we need to calculate the anomalous dimension x p in order to verify if the oscillating term of the Rényi entropies [Eqs. (5) and (6)] decays with the new exponents p In order to verify the dependence of the exponents p α with the Luttinger parameter K (or x p ), we need to use independent estimates for them. The independent estimates can be obtained from the mass gap of the eigenspectrum and from the α−Rényi entropies. We are going to calculate these quantities using the DMRG technique. The estimate of x p will be obtained by following basically the same procedure used by one of us in Ref. 22 . We consider the Hamiltonian defined in Eq. (10) with PBC to determine the anomalous dimension x p . The value of x p (m) is obtained from the limit L → ∞ of the finite-size sequences
where as before S z T = j s z j . We estimated the sound velocity v s using Eq. (7) with c = 1. We also assume that x p (m, L) behaves asymptoticaly as
where ω = 2 xp − 4. These corrections are expected from the finite-size perturbation of the critical models (see Ref. 38) . We use a simple fit procedure to obtain x p (m) by considering typically system of sizes L = 16 − 96.
As a benchmark test, we consider first the spin-1/2 XXZ chain. In Table I , we present the estimated values of x p , for some values of magnetization m and anisotropy ∆, obtained from Eqs. (11) and (12) . We see on this table a clear agreement between our numerical results, obtained via DMRG, and the exact values shown in between the parentheses. We thus see that this procedure gives accurate estimates of x p (similar results was found in Ref. 22 for m = 0). As mentioned before, for ∆ > 1 the model is still critical in the region where the magnetic field produces a non-zero magnetization (0 < m < 1/2). [49] [50] [51] [52] Unfortunately, for some values of ∆ in this region, we observed that the DMRG is not stable. In particular, for systems with OBC and m 3/10 we observed that the 23 , we are going to estimate directly these exponents. We obtain our estimates from the direct fit of the numerical data to the functions (5) and (6) .
In Figs. 1 and 2 , we present the Rényi entropy S α (L, l) as a function of l for the anisotropic spin-1/2 Heisenberg chains with PBC/OBC and for some values of m. The symbols (circle, squares, etc) are the numerical data and the solid lines [with the exception of Fig. 2(a) ] connect the fitted points using Eq. (2) with c = 1. We show
As shown in Fig. 1(a) , the amplitudes of the oscillations increase with the value of α. Similar results were also observed in Ref. 23 . It is important to stress that if α >1 we can only get a reasonable fit of the numerical data by considering the oscillating term S In Fig. 2 , we show the Rényi entropy for ∆ > 1 and some values of m. For |∆| > 1 and m = 0 the Rényi entropies tend to a constant, 3, 6 since the system is gapped. On the other hand, for non-zero magnetization (0 < m < 1/2) the system is critical, 49-52 therefore it is expected that S α behaves as Eq. (2). Indeed, we have observed these two behaviors, as illustrated in Figs.  2(a)-(c) .
The numerical values of p the estimated values of p (p) α for ∆ = 0.9980 and m = 0 are not so accurate, is not a surprise since, at the isotropic point logarithmic corrections are present. Consequently the finite-size estimates have a very slow convergence for anisotropies close to ∆ = 1.
B. s>1/2
Now, let us consider the case of spins s >1/2. As we will see below, it is not simple to confirm that the oscillating term decays with the exponents p are going to see below. In order to get some idea of their order of the magnitude, let us consider the oscillations in the region around the middle of the chains. According to Eqs. (5) and (6) the amplitudes are A
α (∆,s) . However, our numerical results indicate that g α decrease or, equivalently, as x p increases. For example, for ∆ = √ 2/2 (γ = π/4), the exponents are x p = 0.333, 0.099, and 0.057 for s = 1/2, 3/2 and 5/2, respectively.
22 Therefore, we expect, at this anisotropy, a decreasing of the amplitude of the oscillations as s increases. This can be observed when we compare Fig. 1(a) with the curves of Fig. 3(a) α with some accuracy for quantum spin chains with s >1/2, we need to find at least a region in the critical phase of the model where x p ∼ 0.3, as in the spin-1/2 case. As it is well known, at the isotropic point ∆ = 1 all spin-s Heisenberg chains have x p = 1/2. However, at this isotropic point, the operator governing the finite-size corrections is marginal producing logarithmic corrections that make a slow convergence in the finite-size estimates. We then select an anisotropy close to the isotropic point. We choose ∆ = cos π/50 = 0.9980, although we should expect that even at this point the finite-size corrections are very large producing only rough estimates of x p , p α will be quite difficult even taking anisotropies close to the isotropic point. For this reason we concentrate in the s = 3/2 case at ∆ = 0.9980 and m = 0, where the estimate value is x p = 0.39. This value is close to the value x p = 0.375 (see Table I ) for the spin-1/2 with ∆ = √ 2/2. We then, naively, expect that the amplitudes A α directly from the decaying of the Rényi entropy oscillation, for the s >1/2 quantum chains, is a quite hard task.
On despite of the above difficulties, we try to estimate p we fix c = 1 the fitting is quite poor at ∆ = 0.9980. A nice fit, at this anisotropy, is only obtained by allowing c as a free parameter. Certainly the estimate of c, as we increase L, decreases towards the exact value c = 1. Let us now concentrate on the case of α = 3 where the amplitudes are clearly present. We are going to fit the data with Eq. (2) in three distinct ways. Firstly, we try to fit the DMRG data to Eq. (2) by considering c = 1 fixed. In this case, the least square fitting give us g In the third procedure we fix the expected value of p (p) 3 = 1 6xp = 1/(6 × 0.39) = 0.427. In this case the get χ 2 = 0.0087 which is higher than previous procedure. In Fig. 3(b) , the blue dashed line connects the fit to our data by considering the predicted exponent p (p) 3 =0.427 fixed. Although the finite-size corrections are large, since we are close to the isotropic point, the results suggest that the oscillating term of the Rényi entropy decays as Eq. (5). We note that for the spin-3/2 chains, differently from the spin-1/2 case, the estimates of p (p) α depend strongly on how many sites l of the subsystem A we discard. In Fig.3(c) , we present the estimates of the exponents p disc , where l disc is the number of sites we discard in the fit procedure (we discard the sites l = 1, . . . , l disc ). As we can note in this figure, for the spin-1/2 case the estimates of p
α weakly depend on the values l disc and L. The weak dependence with the lattice size L also happens for s = 3/2. However, contrarily to the spin-1/2 case, those estimates are very sensitive to the number of sites l disc of the subsystem A we discard, as shown in Fig.3(c) . In order to take into account this effect, we assume that p
If we fit our data for the spin-3/2 case [presented in Fig. 3(c) ] with this equation, we obtain p = 0.32). In the above fit procedure the central charge c is also a free fit parameter. We also observed, in this case, that the estimates of c are sensitive to the values of l disc , and as we increase l disc they get closer to the expected value c = 1. In Fig.3(c) , we present the fits for the spin-3/2 chains only for l disc < 20, since for large values of l the amplitudes of the oscillations are of the same order of the numerical errors. Finding estimates of the exponent p (o) α for the spin-3/2 chains with OBC are even more difficult. In this case the estimates of p α are very sensitive to l disc and also to L. For this reason we are not able to find a simple procedure to estimate this exponent for the spin-3/2 chains with OBC.
We could naively expect that for m > 0, where logarithmic corrections are not expected, p (p) α would be better estimated. However, for m >0 the anomalous dimension x p is small (see Table IV ) and consequently the amplitudes of the oscillations are also small, complicating our analysis, as discussed earlier. However, we can observe an important feature of Eq. (5) in the Rényi entropy of the spin-3/2 chains. To better see this feature, it is convenient to define the difference
In Fig. 3(d) , we present D 10 (L, l) as a function of l for the spin-3/2 chain for ∆ = 0.9980 and two values of the magnetization. We choose to present a large value of α since the amplitudes are bigger as we increase α. According to Eq. (5) the period of the oscillations is ∆l * = π/k F = 2/(2 − 2m). In fact, we have observed this periodicity, as shown in Fig. 3(d) for two values of the magnetization.
IV. DISCUSSION
In this paper, we investigate the Rényi entropies of the spin-s anisotropic Heisenberg chains in a magnetic field. These quantum chains are critical and conformal invariant in a wide region of values of the magnetic field h and anisotropy ∆. The long-distance physics of this critical region is described by a Luttinger Liquid CFT, with central charge c = 1. For this reason, these models are very attractive for testing predictions for one-dimensional critical systems. In particular, it is expected that the α−Rényi entropies have a term that oscillates with the subsystem size, whose amplitudes show a power-law decay with universal exponents p α . These exponents are expected to depend on the Luttinger parameter K, i. e., p 12,24 Moreover, for h = 0, DMRG calculations of the spin-1/2 XXZ chain also indicate that the oscillating term indeed decays as predicted. 23 As part of this work, we made an extensive study of the spin-1/2 model, but considered a much wider region of couplings than those considered earlier. Using DMRG technique, we also investigate extensively the quantum spin-s chains (up to s = 5/2) with PBC/OBC for several values of anisotropy ∆ and magnetic field. Using the CFT machinery we were able to get accurate estimates of the Luttinger parameter K. For the spin-1/2 chains with PBC and OBC, we extract the exponents p α are related with the Luttinger parameter, as predicted. We also observe that the periodicity of the oscillating term changes with the magnetization, as conjectured. For s > 3/2 we were not able to extract the exponents p α are so small, making the data difficult to analyze. In this case, the Luttinger parameter K is larger (compared with the ones of the spin-1/2) and also contributes to make the oscillating term S osc almost imperceptible. We could even think that this term is null as happens in the Ising model, 24, 55 and that such small oscillations comes from numerical errors. However we are convinced that those small oscillations are not related with the truncation errors in the DMRG. We have observed that those oscillations do not decrease as we increase the number states kept (up tom = 4000) in the DMRG procedure. These results strongly indicate that the non-universal amplitudes g . 54 If we discard the first sites, the oscillations are "recovered".
However, if we consider c as a free parameter, we obtain a better fit. 55 F. Iglói and R. Juhász, Europhys. Lett. 81, 57003 (2008).
